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Se establecen las representaciones distribucionales de las funcionales de momento de
los polinomios cribados de Pollaczek de 1a primera y segunda clase. Estas representaciones
subsisten para rangos mis amplios de los parimetros que aquellos posibles obtenidos para
representacién por medidas positivas.

Abstract

Distributional representations of the moment functionals of the sieved Pollaczek
polynomials of the first and second kinds are established. These representations hold for
wider ranges of the parameters than those were the representation by positive measures is
possible.

1. Introduccién with

A moment functional £ ([11], Chap. I), i.e., a -
complex linear map of the space of complex polynomials C“+1$0’ n=0, (1.2)
into the'field of complex numbers, is said to be regular,
if it admits ;a system of monic orthogonal polynomials,
asystem { P,*In >0} of complex polynomials satisfying such that
a recurrence relation.

XP,(x) = P,,, (x) + BP(X) + C,P,,(x), n >0; £@ 0 =L LE)=0.0=1,  (13)

P, (x)=0,P(x)=1, (1.1)
and that
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Observe that A, # 0, n > 0. The system
{Pa(z)} is uniquely determined by £ and is call-
ed the monic orthogonal system of L. Con-
versely ({11],Chap.I), if a system of monic poly-
nomials {FP,(z)} is given by (1.1), if (1.2) holds
and if £ is defined through (1.3) and linear ex-
tension, then £ is regular and {FP,(z)} is its
monic orthogonal system. The functional £ is
called the moment functional of {P.(z)}.

The moment functional £ is said to be bound-
ed if there is a constant M > 0 such that for
B, Ch in the recurrence relation (1.1) of its mo-
nic orthogonal system we have

M M2
1Bal < 5 1Chta] < -5 »20 (1.6)

If £ is regular and bounded (by M), the contin-
ued fraction

11 G | G |
|2—Bo |Z-—Bl |Z—Bg

(1.7)

of its monic orthogonal system ({18], Chap.V)
converges uniformly on |2| > M' for all M’ >
M, to alimit X(z), which is an analytic function
on |z| > M. Then ([8], [12])

L(P(=)) = % /C P(2)X(2) dz, (18)

for any positively oriented contour of |z| > M
enclosing z = 0.

Representation (1.8) of £ was established in
[12] for special cases. A general proof based on
the theory of continued fractions is in [8]. In
the appendix at the end we include a proof based
on functional analysis.

When £ is positive, i.e., when B, Cy, in (1.1)
are real numbers and

Cn+1 > 0, (] Z O, (1-9)

L has the representation ({11], Chap. II)

oo

P(z)du(z), (1.10)

£pe) = |

—0Q

where u is a positive measure supported by the
real line. If in addition (1.6) holds, x is unique
and Supp g C [-M, M]. In these circumstances
some powerful techniques have been deviced to
determine pu explicitely. See [2] for many exam-
ples, and [5] for the special case of the Pollaczek
polynomials. We mention that if (1.6) holds,
(1.7) converges uniformly to X(z) on any com-
pact subset of C — [-M, M]. If L is regular but
not positive, representation (1.10) is impossible.
However, (1.8) still holds if £ is bounded.

Now assume £ is regular and a polynomial

g(z) = a(z~o1)P (z— )" ...(z —ap)’™

(1.11)
with real roots ¢y,...,a,; can be found such
that the moment functional & = ¢(x)L defined
by

U(P(z)) = L(¢(z)P(c))

is positive, and let v be a positive measure rep-
resenting & in the sense of {1.10). From the
partial fraction decomposition

P(:r)_m Ll a; -
@@ "L - ay t )

R..(z) a polynomial, we deduce that

L(P(z)) = ZZE( Q(iz )J)aij

i=]1 j=

(1.12)

(1.13)

+—/_°o Ry (z)do(z), (118

which is, since

1 dri—i P(z)(z — a;) .
(pi — N dapi—i [ 2(z) ] (@),

Qi; =

(1.15)

a representation of £ by distributions supported
by the real line. Furthermore, if £ is bounded
and representation (1.8) holds, then

oz) (.1 [ =X,
C((a; - a,-)j) - 21ri_/c (z — a;) d
(1.16)

The above procedure is an alternative to that
of Krall [13] and Morton and Krall [15] to es-
tablish distributional representations of regular
moment functionals. It can be applied to some
systems of polynomials which fall outside the
scope of [13], [15]. ‘This has been done in [8]
to obtain distributional representations for the
moment functional of the sieved ultraspherical
polynomials and in [9] for that of the general
Pollaczek polynomials, when the values of the
parameters do not allow for representations by
positive measures,

Our aim in this paper is to obtain explicit dis-
tributional representations for the moment func-
tional of the sieved Pollaczek polynomials. Our
approach differs from that followed in [9] for the
Pollaczek polynomials in that contiguous func-
tion relations are favored over the theory of left
multiplication of a regular functional by a poly-
nomial. The approach in [9] would be too cum-
bersome if applied to the sieved Pollaczek poly-
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nomials. We also mention that the approach in
[8] can not be followed in this case, as for the
sieved Pollaczek polynomials there is no poly-
nomial mapping involved.

For future reference we recall that the Cheby-
shev polynomials of the first and second kinds
{Tn(z)} and {¥U.(z)} are both defined (see [16],
[17]) by the recurrence relation

2$yn(x) = yn+1(x) + yn—i(x): n2>1,

(1.17)
and the initial conditions are respectively To(z)
=1, T1(z) = = and Up(z) = 1, Ui(z) = 2z. For
z =cos8, 0 <0 < r, we have

To(z) = cosnd ,
sin(n+ 1)
Un(z) = SBn 1)

> 0.
sin @ n20

(1.18)

We observe. (with T_;(z) = 0 = U_,(z)) that

a+1,b
¢

(a —c+1)F(a, bc[z) =aF(

b

(a+b—c)F(ac

z) =a{l - 2)F (a+ 1’:

and

a,

[1-b+4 (c—a—1)z]F (c

1)

=(c—b)F(a’b:1

will be needed in Section 2.

2. SIEVED POLLACZEK POLYNOMIALS

The sieved Pollaczek polynomials were intro-
duced in [5] where they are derived from the ¢-
Pollaczek polynomials by a procedure enterely
anologous to that followed in [2] to define the

. sieved ultraspherical polynomials. A different
approach to sieved polynomials is in [6}, [7]. We
here adopt this latter point of view.

Let k > 2 be an integer. The k-sieved Pol-
laczek  polynomials of the first kind
{Pu(k,),a,b;2)} and of the second kind
{@n(k,A,a,b;x)} are both defined by blocks of
recurrence relations

Puk+it1(T) + B(’)Pnk-:-,(z)

+ C¥puki—1(z), n 2 0,
(2.1)

xpnk+:(x)

)_(c_ )F( a,lb

z) —{(c=1)(1-2)F (c_a’lb

2Tn(z) = Un(x) - Un—Z(I)s n Z 11 (1'19)

and also that

1-T(2) = (1 - 2)0U2_,(z), n20.
{1.20)
We also recall that the Aypergeometric series
is ([16], Chap. 4)

a,b (a)n(b)n
F z) = ", 1,
(c ) Zo Al(e), © <

(1.21)
where (a),, given by (a)y = 1, (ah = a and
(@) = ala+1)---(e+n—-1)forn > 1, is
the Pochhammer symbol, so that ¢ in (1.21)
can not be zero nor a negative integer. The hy-
pergeometric series defines an analytic function
on |z| < 1. The contiguous function relations

([16], p.71)

z), (1.22)
z) —(c—bB)F (a’::ll z_), (1.23)
) (1:24)

j=0,1,...,k -1, and initial conditions p_;{z)
=0, po(:r:) = 1. For {P (k, A, a,b; z)}, the coef-
ficients BY and ¢4 , n >0, are

b
©___ % .
Bn Ata+n’
BY =0, j=1,2,....,k—1,
cO— " . oy _22+n
" 4(A+a+n) " 4(A+a+n)
CS,J)=%,j=2,...,k-1,ifk>2. (2.2)

The coefficients of {Q,(k, A, a,b; z)} are, for n >
0,

BYY =0,3=0,1,2,....k -2,
b
i1 - 7
n Adta+n+1’
co=__"

4(A+a+n)
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n+1+2)
T 4A+a+n+1)

Ch =2 5=1,...k-2,ifk>2.
(2.3)

C(" 1) _

It will be assumed throughout that
2Aand A £ aare not integers < 0. (2.4)

This guaranties that (1.2) holds. To ensure
(1.9), it has to be further assumed that A, a,b
are real numbers and that

A>Q0and A+a >0, or
1
—§<A<0and0<.k+a+1<1-

(2.5)
and
. Ue—2(z) 2(1+2X)8% 1 (
X =2 .
M) =g @ ) TB A
where
a=z+(z2 -1, f=2z- (2 ~1)}
(2.8)
az+ b az+b
Ar= A4 —T 7 By=-r- T2
T oy @ -1}
(2.9)
with (22 —1)% denoting the branch of the square

root of 22 — 1 in C that behaves as z when

z — oo. It can be shown that (22 — 1)} and
thus a, B, Ay, By are analytic functions of z for
z2¢ -1 ] Furthermore, a + 8 =22, - f =
2(2% - 1)2, af = 1 and |f] € 1 < |a|, with
18] = laj = 1 if and only if 2z € [~1,1]. Thus,
X(z) and X,(2) are analytic functions of z on
— [~1,1], except for simple poles on the set

Zy = {Z eC- [-*1,1] | B)@(Z) = 0,1,2,...}.
(2.10)

My = 3sup{ n+a+)\’\/|4(n+a+)\)| \/I

we have

LA(P(z)) = 511; /C P()Xx(2)dz  (2.14)

for C in |2| > My, where

-B,+2
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We will write P}(z), Q)(z) instead of
Po(k, A a,b;z) and Q(k, A, a,bd;x), respective--
ly. In fact, throughout most arguments k,a, b
will be kept fixed, and only A should be empha-
sized.

Results in [5], [6] or [7] and some analytic
continuation arguments (see [10] for details) give
for the limits of the continued fractions of
{P)Mz)} and {@)(z)} the expressions

Xa(z) =
A
2 + a)Up—1(2)8* —- ( B"I: ! ﬁ”‘)
(2.6)
Ax 1 ﬂ”‘), @2.7)

Now, Bi(z) = n implies that

[(A+ n)? — a?] 22—2abz — b — (n + A)? =0,
n >0, (2.11)

Hence, there are at most two values z,, and
Tan41 of z at which B, (z) = n. With the deter-
mination of branch ef the square root which is
analytic in C—(—o0, 0] and provided (2.4) holds,
we can write

ab— (n+A)y/(n+ A)? + b2 — a2

Ton = (‘ﬂ.+ /\)2 Y ’
_a..‘,t+(n+z\)\/(n.+z\)2-{»I;#2 — a?
m2ﬂ+1 - (n+A)2 _ az )

n>0, (2.12)

and observe that z3, — —1, Z3p41 — 1 as
n -+ +00 and that zg,z; are not poles of)h(z).

We denote with £, the moment functional of
{P2(z)} and with £), that of {Q(z)}. Provided
|z| > M), where

n + 2A } (2_13)
4ntat )

for C a positively oriented contour of |2| > M,
enclosing z = 0. Also

Lx(P(z)) = % /C P(2)X(2)dz .(2.15)

n+1

it = | s by
SR | P WIS T pTEr P ey

(2.16)

I\/' n+ 2 |}
"Vidn+atr)
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Observe that My < M. If A, a,b are real num-
bers and (2.4), (2.5) hold, then (see [5]) £ can

dpr(z) = wi(z)dz + Z Res( X, ()é(z — {)d=z
(€Zx

be represented by means of the positive measure (2.17)
where
Ata - b - 2 2
wi(z) = 2 Eey 3y (1=2 4 (V@) |-y B IFIN-B)  x(), (2.18)

x being the characteristic function of (-1,1), §
denoting the Dirac measure at { = 0, and Z)

din(z) = Ox(z)dz + ) Res(X,()é(z — ()dz
CEZ

being as in (2.10). Also, £y is represented (see (2.19)
[5]) by where
oa(z) = —_2—2111—(142)“% (U2_1(2)) x| (1=~ B+ | (= By +1) | x(=) (2.20)
(22 +1) - ’

and where
ZA={zEC—[—I,I]IBA(z)=1,2,...}i ) o{z) =

2.21

- 2AX+a+1
Explicit formulae for Res(X, ¢) and Res(X, () A(A(+ e +)1) —A\(-B»)(1 - 2*)U;_ (=)
can be found in [5). We mention that Z) and Z) 9.94
can be empty, finite, or infinite countable with (2.24)
no limit point in C — [—1,1], according to the 4
relative values of A, a,b, and observe that By + ) an
is independent of A. Let 2 1

ra(z) = _%[(m + 6)Ux_1(2)
Z={AeC|2)or A+tais an integer < 0}
= ATi(2))Uk-1(z)

(2.22) (2.25)

Lemma 2.1. For A not in Z, are polynomials. Thus
Xot1(2) = ea(2)X ;(z) + ra(2), Ly = x(2)L (2.26)
|z| > ma.x{M,\,MHl},
(2.23) Proof. From (1.22), with z = 8%, e = Ay = A,

A1) 1 A+1,1
F(—B+2 b )_-2A+1[AF(—B+2

and (1.23), (1.24) give, taking into account that

A 0

2k ? 2k ~
F( B+2 lﬂ ) (—B-I-l |6 )‘1’
that

A+1,1 -B+1

2k Y _ _ a2k
F(—B-!-? A )__ 2/\‘6?* [1 (i-4 )F(
and

A1l =1 A+1,
BY __ _ Bk
F(_B+1 Iﬂz)__ 2 [A(l A )F( -B+1

¢ = —By42 = —B+2and b =1, we obtain that

ﬂ2k) - (-B+1)F (_Bi’ 11 I ﬂzk)]

il

1))

309
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Hence
Al wW\_ B-1 [A, , A+1,1
P(pys 17) = e [t =00 - n-at - prrr (2170 1 2], 22
and therefore
2Atetl A+1,1
X1 = —WUk-l(z) [A(ak — f%Yy - 2x8* — AB*(a* - B*)*F ( _B41 ﬂ”")] )

Now we observe that from (1.18) and (2.8),
"(Z) = ofTi(z)), B*(z) = B(Ti(2)), so that
(a* = B%)* = 4(T}=z) - 1) = 4(?- = 1)Ui_4(2)
Here we use (1.20) and o* + 8F = 2T(2).
Hence, from (2.9), A(a* — %) — 228* = 2[(az +
b)Uk 1(2) )\Tk(z)] ALSO,

a(z)
_ A+a+1
A+ @A+ 1)

(a* — B¥)*(-4)(-B),

and taking into account (2.6), (2.24) follows at
once. Since for a positively oriented contour C
of |z| > max{My, Ms,1} enclosing z = 0 we
have

Ern(P@) = 5 [ PEXan(a) ds

{(2.26) holds. O
Now let

‘Im,.\(z) =
(Ate+ 1)m(_AA)M(“BA)m(1-" z? )mUIETl (z)
MN)m(A+1/2)m(A + 8)m

(2.28)

then go,a(z) = 1, q1,2(2) = qa(2z). Also g r(z)
= @ {(=)qr+1(2) - gagm-1(z) for m > 1, so that
gm, () is a polynomial. Induction on Lemma 2.1
gives

Theorem 2.1. For allm > 0 and A not in Z,

Xag4m(2) = @m A (2)Xa(2) + rm 2 (2),
[2] > max{ My, Mx;m},

= 57 [ POn@X() ¢z (2.29)
2,“ P(z)n(z) iz where rp 1(2) is a polynomial. Furthermore
£A+m = qm,;\(z)ﬁ)\ (230)
=3 / P(2)qr(2)Xa(z) dz
me From (2.7) and (2.27) we obtain, for |z| >
= LA (@)P(2)), -1, M3 and A ¢ Z, that
Xa(2) = 25: :g;
22+ 1 2 (-B+1) x A+1,1
Ura(z) —B+1 {‘(m)(zx T |47 -9 - 228% - At - pYF ( i1l ﬂ")] }
— 2Uk_2(2.')
Uk...'l(z)
1 i A+1,1
- e § 2 + BUr() - M + 4 Y- BN - DT (Z500 1o}
o Uk-2(2) | 2Th(z) 2(az+b) 4 2 Bk A+1,1 .
- 2Uk—l(z) Uk—l(z) - A + :\-(_A)(_B)(I -2z )Uk—l(z)__"EF ( -B+1 ﬁ k)

Using (1.17) and (1.19) we get Ti(z) = zUx_1(x)

~Ug-2{(x), and simple calculations yield

Xa(2) = Frc1(2) + Hr—1 X1

where

B (z) = (~A)(-B)1 - z*)U}_,(=)
Br-1le) = A —1/2)
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and
(=4} =B)(z? ~ 1)Us_2(z)Vs-1(z)
AA - 1/2)
(a—Az+b
T

Thus, for A not in Z,

1-:)‘_1(1?) =2

Xo1(2) = d(2)Xa(2) + Fa(2),
|2l > max{ My, Mr4s},
(2.31)
where 71(z) and §x(z) are polynomials. Hence
Lris = B}, (2.32)

Induction or (2.31) gives
Theorem 2.2, Forallm >1and A notin Z,

XA-!-m(z) = ‘Fm.A(Z) + q-m,a\(z)ja\(z)a
l‘zl > ma.x{M,\,MH_m},
(2.33)

where

qm,k(z)
_ (—Ax + Dm(=Bx + 1)m(1 — 2°)" U™ (2)
- A+ DA+ 1/2)m

(2.34)
and f, 2(z) are polynomial. Furthermore

Lagm = Gma(2)L5. (2.35)

Remark 2.1. Clearly 7, A(z) and 7 2(2) can be
explicity calculated, but that information is not
needed. From (2.6) and (2.7) we also get

Ada+1l

TPl Ui_y(z)Lx.

Lr+1 = (2.36)

H £ has a representation (1.8), we can define
g(z)L, where ¢(z) is a rational function of z, in
the obvious manner:

(@@EXP@) = 5 [ dIP@X @),

(2.37)
provided all the poles of g(2) and of X(z) are
within the contour C. From (2.36) it can be
seen, however, that i = ¢(z)L does not imply
that £ = (g(=))~U.

3. DISTRIBUTIONAL
REPRESENTATIONS OF Ly AND £,

We assume A ,a ,b to be real numbers and
m > 0 to be such that

A+m>0 and A+a+m>0,

or,

—%<A+m<0 and 0 < A+a+m<1.

(3.1)
If (2.5} holds, m can be taken to be 0.

Let -1 < (1 < {2 <++- < {x—1 <1 be the
roots of Uy_;(z). Each is a root of multiplic-
ity 2m of both ¢, A(z) and g a(z). We as-
sume a4, - - - , 0y to be the other distinct roots of
gm,A(7), each of multiplicity m; ,j = 1,2,... ,n.
As for gm (%), we denote with &y,:--,a, its
other distinct roots and with m; the multiplic-
ity of & ( =n and m; do not need to be
the same for g x(z) and §m (2} ). However,
my +mz2 + ... + my, = 2m in both cases. Since
A(¢;), B((;) are either — A or a complex number,
it follows that «; is either zo; or z3;41 (as given
by (2.12)) for some i = 0,1,-:- ,m — 1 (also &;

is x3; or T3;4; for some i =1,2,-.-,m). From

(1.14), (1.15), (1.16), (2.14) and (2.30) we ob-
tain

Theorem 3.1. If A, a, b are real numbers, if
(2.4) and (3.1) hold, and if

A+l +b0*2d? 5=0,1,2,..., m-1,
(3.2)
then the moment functional Ly of {P}(x)} has
the distributional representation

L=T + Ty + T, (3.3)

where, for any test function @ on the real line,
we have

Ti(p) =
n mj ‘ dmi—h (m—aj)mftp(:'.‘) o
jzzthﬂAJhdxmj_h [ (Im,.\(ﬁ) ]( J)
(3.4)
with
L 1 qm,A(z)X;\(z)
A= 2m‘(m,-—h)!fc ot

(3.5)
and C any positively oriented contour of }z| >
max{My, Mxym} enclosing z = 0;

Tz(‘P) =
Rl [ ) i 2 €
;;A:fﬁdﬁ2m—h[ q,:,x(x) ](Cj)

(3:6)

3
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with +o0
. L[ i), @)= [ en@dirin(),  (38)
= amigm = Jo (z- G O Bl
(3.7) where
j=1,...,k—=1, h=1,...,2m; and
n m;—1
¢(z) — 1 (:r—aj)’“"so(m)] 1
n(z) = - - ; - ‘ ‘
onlD) = @ HaF | @ ) e (39)
_Szil 1 d* [(z~¢)YPmel= )] ) 1 '
i=1 h=0 hl dzh m A(z) P (w = g5)mh )
Furthermore, where, for any test function ¢ on the real line

SuppTy = {e;|j=1,...,n},
SuppTz = {(15-++,Ck-1}
SuppTs = Supp pr+m
(3.10)

and thus Ty, T;,T3 are compactly supported on
the real line and can act on polynomials.

Remark 3.1. That T, is a distribution follows
" from

2m
len(@) < €3 Joup |2,

TE [_'MA+ma Mk+m],

(3.11) -

where C > 0 is a constant (independent of ),
which is a consequence of the Taylor Remainder
Theorem.

- Remark 3.2. H m = 0 in (3.1), i.e., if (2.5) is

- satisfied, then 73 = T3 = 0 and T3 = pu). K
(2.5) is not satisfied and m > 0, T} and T; mea-
sure the contribution to the orthogonality of the
points aj, j = 1,...,n, and of the points (;,
j=12,...,k -1, where w) becomes infinite.

Similarly, from (1.14), (1.15), (1.16), (2.32)

and (2.35), we get

Theorem 3.2. If A, &, b are real numbers, if
(2.4) and (3. 1) hold, and if

(,\+J)2-}-b2 >a% j=1,2,. ,m, ) (312)

we have

Ti(p) =
S N Sl | CRek o)kl 2 CO) PP
EEA"‘W""‘ [ PG ] (&),
(3.14)
with
1. 1 gm 2 (2)X2(2)
Ajn = 21rz(m, - h)' / (z —a;)» dz,
JI=4L2,...n , h=1,2,...,m;
(3.15)

and C any positively onented contour of |2| >
max{M>, My+m} enclosing z = 0;

Tz(p)
_ k-1 2m -, d2m-h (_1; - Cj)zm‘P(x)
= ; ; Ajh gzam—h [ dm (%) ] («)
(3.16)
with |
_— 1 ‘Im (Z)X (z)
Ajn = 21ri(2m - k) [ (; - CJ)A" “ (3 17)_ o

§=dseiish—dy k= 1% 2m; amd -

+co
then the moment functional £y of {Q*(z)} has Folo) = / . dil 3.18
the distributional representa.tion 2(¥) —oo Pm(2) dfirtm(z), (3.18)
Lr=T+ T+ T, S (313)  pere
NPRITO N X Sl [CET.1 7001 P
Pm(®) = = _1 et hl dzh imx(T) (aJ)(z Zaymi—h
o (3.19)
-3 i: 14 [w(-’f-')(a’* C:')"“] ) 1
hldzh | Gma(z) Pz = gGEmh

i=1 h=0
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Moreover,

{&;1i=12,...,n},
SuppTy = {(15-- > Ck-1}
Supp Ty = Supp frgm

Supp‘f‘l -

(3.20)

and thus Ty, T3, T3 have compact support on the
real line and can act on polynomials. -

Remark 3.5. Again Ty =T, =0 and Ty = i
if m can be taken to be 0.

Remark 3.4. If a # b and (j + »)2 + b? > o2
for j = 0,1,...,m— 1, it can be shown (see [9])
that a; has mu.ltlphcnty 1 (so that m;j = 1 and
n=2m ). Ifsuch is the case, T} in (3.3) is a.
measure. Also,if a # £band (j+A)2+b% > o?
for j =1,2,...,m, Ty in (3.13) is a measure.

Remark 8.5. f a = b =0, {P}(x)} and {Q)(z)}
are respectively the systems of sieved ultraspher-
ical polynomials of the first and second kinds
(see [1], {8]). Their distributional representa-
tions have been studied in [8]. We observe that
in such case

im,A(2) = g2 (2)
(A + l)m 2 m x
(3.21)

and its only roots are —1, 1 each of multiplicity
m, and (3,...,Ck—1 , each of multiplicity 2m.
It is easily seen that relations (3.3) and (3.13)
respectively reduce to those in Theorems 5.1 and
5.2 of [8].

Remark 3.6. Extrapolating to ¥ = 1 the dis-
tributional representation (3.3) of £ we obtain
(2.26) of [9].

Remark 8.7. Now we obsgerve that in spite of the
apparent freedom of choice of m in Theorems 3.1
and 3.2, the distributional representation of £ is
unique, as far as only distributions with com-
pact support are taken into account. This fol-
lows from general results (mainly due to H. G.
Tillmann) on the theory of representations of
distributions on the real line by analytic func-
tions on C — R (see [4], Chap 5). In fact,if T

is a distribution with compact support K on R,
the Cauchy-Stieljes transform of T,

T(z) = Tc(;i—c), (3.22)

is an analytic function off K, and if K C

(-M, M) and |z| > 2M , from the uniform con-
vergence of ¥ on (—M, M) it follows

that

n=0 ,n4i

. (™
T(z)= Z %-1-)- .
n=0
Hence, if T represents £, T((") = L({") = ¢y is
the n**-moment of £, and

(3.23)

=

T(z) = E n+1 = X(Z) ’

n=0

|z] > 2M, (3.24)

where X(z)is the limit of continued fraction of
the monic orthogonal system of £ (as in (1.34).
For a proof of (3.24), see [18], Chap. XI or the
appendix at end). Hence, T(z) is an analytic
continuation of X(z) from |z| > 2M to C — K.
This implies, in view of the Stieljes inversion
formula ([4], Chap. 5), that

<T,tp>=

/ {X(z +i€) — X(z — ie)}p(x)dz
(3.25)

e—‘0+ 21!'!

for any test function , which ensures the unique-
ness of T'.

Remark 3.8. Under the assumptions of each of
Theorems 3.1, or 3.2, a measure on the line can
be found which represents £ (Boas [3]. See also
[11], Chap. M). Since the distributions repre-
senting £ in (3.3) or (3.13) are not measures
when the positivity conditions fail, Boas’ mea-
gures can not be supported by a compact set
under such circumstances (as follows from the
arguments in Remark 3.7 ).

4. APPENDIX

We include in this appendix a functional an-
alytic proof of (1.8). To this purpose, let

Bpb 1 0 00 ... 0

C: BB 1 00 ..
J=l0 ¢, B, 10 ... o (41

Lo e,

be the nfinite tri-diagonal matrix of the coeffi-
cients By, Cr in (1.1), and foreachn > 1,let J,
be the submatrix of the first n rows and columns
of J, and J,,, the infinite matrix

(‘2‘ g) O (42)

313
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Let I, be the n X n identity matrix. From (1.1)
it follows at once that

P,(z) = Det(zl, — J,), n > 1. (4.3)

Also let J: be the matrix obtained from J, by

deleting the first row and column, and define .

{P;(z)} by

Fi(z)=0, P'(z)=1;
Pi(z) = Det(zl,—q — J;), n > 2.
(4.4)

It is readly verified that {P;(z)} satisfies (1.1)
forn > 1.

Now let I, be the Hilbert space of square sum-
mable sequences (zg,21,..., ), with inner prod-
uct

((za); (¥n)) = Y 2n¥a

n=0

and norm +/((z,.); (¥n)). With {e, | n > 0} we

denote its cannonical orthonormal basis (e, =

(6nos0n1y.-.,)). H (1.6) holds, a bounded oper-
ator L on [, is defined by

Ley = €nq41+Bres+Cren-y, n 20, (45)

(e—1 = 0) and continuous linear extension, and
for this operator, |||} < M. The matrix of L
relative to {e, } is J. Also, from (1.1) with L in
the place of z, and (4.5), it easily follows ( see
{4]) that

Pp(L)ey = €, n 20 (4.6)

Now, Cramer’s formula for the inverse of a
matrix and simple calculations yield

(2@ = Ju)Ye0;8) = (2 - Ln) leg;ep)
Pa(z)

" Pu(z)

» |2l > M,
(4.7)

where g = (1,0,...,0) € C* and L,, is the op-
erator of I; whose matrix relative to {e,} is Jn.
The operator L, is bounded with ||L,]| < M,
and coincides with L on the spa.n ofeg,...,en—2.
This implies that L,..Heo = L¥ey, k = 0 1,...,
n-— 1.

For any operator T of [; we write (z—
R(T,z). Then

Lemma 4.1. Foriz| > M,

T)-1 =

Jm (B(L,2) - BTw Aeoll =0, (48)

and the limit is uniform on |z] > M' > M.
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Proof. For |z| > M ({19], Chap.VIII),

Lk o0 Lk
R(L,2) = z S B 2) = Zzﬁ'
k-O k=0
(4.9)

the convergence of the series being in norm.
Since L%, ep = Ley for k = 0,1,...,n — 1,
then

’ o0
- Lkeo L:+1eo
(B(L,2)~R(Ln41,2))e0 = g pows e
=%

Thus, taking into account that {|L]| < M and
||Ln+1|| < M, it follows that if M’ > M then

sup [I(R(L,2))~R(Ln+1,2))eol|
jz|>M*

oo k
<Zy (i‘i) ,
Ml’ . M!
k=n
and, since the series on the right hand side is
convergent, the assertion follows. O

Theorem 4.1. If X(z) = (R(L, z)eq; ), then

- Pa(2)
X(2)= lméoP( %)’ 2| > M,
the limit is uniform on |z] > M' for M' > M,
and the function X(z) is the limit of the con-
tinued fraction (1.7) and is an analytic function
on |2| > M. Furthermore, if L is the moment
functional of {P,(z)}, then

£(P(z)) = 5 /c X(2)P(z) dz,

where C is any positively oriented closed contour
of |z2| > M around z = 0.

Proof. That (4.10) holds follows at once from
Lemma 4.1 and relation (4.7), and the analitic-
ity of X(z), from the uniform convergence of

I; E ; on |2| 2 M' > M. Since P"E ; is, when
n
(1n2) holds, the n-th convergent of (1.7) ([11],

Chap.I), X (2) is in fact the limit of (1.7). All
that remains to be proved is relation (4.11). To
do so we recall the Cauchy-Dunford representa-
tion ([19}, Chap.VIII)

(4.10)

(4.11)

P(L) = # /C R(L,2)P(z)dz,  (4.12)

which holds for any polynomial P(z) and any
positively oriented contour C of |z| > ||L] en-
closing 2z = 0, so that

(P(L)eg; €0) = # f X(2)P(z)dz.
¢ (4.13)

Then, since (P,(L)eo; €0) = (€n;€0) = b0, -the

assertion follows. O
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We can easily prove that

lim zX(z)=1 (4.14)
In fact, from (4.9) and Theorem 4.1,
2 (L™eq; €
x(5)= Y Eaie) 15,
n=0
so that
= M" M/|z|
-1 < = 0
|ZX(Z) 1| -— “gl Izin ‘ 1 _ M/|2| - b}
z — 00.

Relation (4.14) is, of course, well known, and
will be used in the following argument. We ob-
serve that if F(z) is analytic for |z[ > M' > 0,
lim, oo F(2z) = 0, and

£(P(2) = 5 /c F(2)P(2) dz

for any positively oriented contour |z| > M'
enclosing z = 0, necessarily F(z) = X(z) for
lz| > min{M',M}. In fact, for any contour C
in |z] > max{M', M},

]C(F(z) - X(2))P(z)dz=0

for any polynomial P(z). Hence, if ¥ o0 _. cn2"
is the Laurent development of F(z) — X(z) in
|z] > max{M’, M} then

1
onct = 337 [L(FE) =X (@) ds=0, n 20,

so that F(2) — X(z) is an entire function. Since
lim,_,(F(z) — X(2)) = 0, Liouville’s Theorem
implies that this function must vanish. This re-
sult has proved useful in [8], [10].

Remark 4.1. The connection between the supports
of the distributions representing L and the spectrum of
the associated matrix (4.1), an interesting aspect of the
whole subject, is presently under research.
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